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A prime I is said to be irregular if it divides the class number of the 
cyclotomic field Q(l’/“). It is known that a prime is irregular if and only 
if it divides the numerator of some Bz,,Jm where Bz, is a Bernoulli number. 
Though nothing seems to be known about the density of the irregular 
primes, Jensen [2], Montgomery [4], and Metsankyla [3] have proved that 
there are infinitely many irregular primes that are not contained in certain 
arithmetic progressions. The object of this paper is to show how some of 
their ideas may be generalized to prove the following 
THEOREM. Let P be an odd prime and let G be a proper subgroup of the 
multiplicative group of Z/(P). Then there are infinitely many irregular 
primes not congruent module P to any element of G. 
Proof. For any integer a we let Z denote the residue class of a modulo 
P, and we will let p denote a prime without always saying so. 
Assume now that there are only finitely many irregular primes 
Pl > P2 3--*3 ps whose residue classes modulo P are not in G. Let 4 be the 
Euler function and put 
M = 6$(P2plp2 *‘. ps) = PhMI with(M,,P)= 1. (1) 
Since now (4M1 , P) = 1, we can find a prime I such that 
1- -1(4M,) and I$ G. (2) 
Let then I,, be the smallest prime other than 2 and 3 such that 
(hl - l>lU - 1) and &, 6 G. (3) 
If we put Ban = Nzn/Dzn in canceled form, then D,, = fl(s-1)~2n p by 
von Staudt’s theorem (see [I, p. 3841). Thus we may put 
D1,wI = 6&l, .-. I, , (4) 
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where (& - l)\(Z,, - l), Ii < & and li is a prime different from 2 and 3 for 
each i = 1, 2,..., t. Then (& - l)\(Z - l), and so by the definition of I, we 
must have 
li E G, i = 1, 2 )...) t. (5) 
From (2) we see that ((I - 1)/2, MI) = 1. Hence ((/, - 1)/2, MI) = I and 
wo - 1)/2, 4&l) = 1. (6) 
Further, since i 4: G, we have I + l(P). That is, P T (I - 1) and so 
P 7 (l,, - 1). By (6) and the definition (1) of M and MI we have therefore 
(lo - 1)/2, I&) = 1. (7) 
We put now 2n = 1, - 1. But instead of considering BSn , we boost the 
subscript by a suitable large factor q such that we retain D,, = D,,, . As in 
[4], this can be done in the following way. For each factor d of n, choose a 
large distinct prime Id such that we can solve the congruences 
nq = l(l&), @a) 
2dq = - l&2) for each Id . (8’4 
Because of (7) this is clearly possible. Moreover, we can find a solution q 
that is prime. We have 
D 2na = I-I p. 
(p-L)12nn 
Choosing now a prime q that satisfies (8), we see that a prime p that occurs 
in this product must be of the form 
p=d+l, p=2d+ 1, p=dq+l, or p = 2dq + 1 
for some d ( n. Here we may rule out the last two cases. Note that by 
(2), (I - I)/2 = 1 (2) and so IZ = (& - 1)/2 is odd and dq + 1 is even. 
Thus p = dq + 1 is impossible. From (8b) we have ld2 l(2dq + I), and so 
p = 2dq + 1 is impossible as well. We have now established 
D 2ns = n P = n P = Dzn. 
(P-l)lBW (V-l)/2ff 
We now make use of the well-known congruence (see [l, p. 3851) 
(9) 
P-l 
f'N2, = &&ntP)(P2) with S,,(P) = c i2m. (10) 
i=l 
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We take 2m = 2nq. By @a) and (1) we have 2m = 2 ($(Pz)), and so 
P-l 
S,,(P) = c i2 = &(P - 1) P(2P - 1) = (P/6)(P2). 
i=l 
From (10) we then get 
Nzm = +D2,(P). (11) 
By (9) and (4) we have D,, = 61,~ with a = Z112 .** 1,. From (11) we get 
now icT,, = oa. Note that by (5) we have 2 E G. By (3) we have 1, $ G, and 
so we must Lve 
g2m P G. (12) 
By a theorem of Adams (see [4, Theorem 3.11) we can put m = m,m, with 
(m, , m,) = 1 and such that m, 1 Nzm and every prime in m, divides D, . 
By @a) and (1) we have m = 1 (61,). So ifp 1 m2, thenp 1 a. Hence 
iii2 E G. 
Since by (8a) we have mlm2 = m E 1 (P), we then get 
iii,EG. (13) 
The Numerator of B2,,Jm is exactly NJm, . By (12) and (13) we see that 
&,h tf G. (14) 
Every prime that occurs in N,,/m, is irregular. By (14) we may conclude 
that this integer is divisible by at least one irregular prime pi whose 
residue class modulo P is not in G. By (8a) and (1) we have 
2m E 2 (pi - 1). 
Prime 3 is not an irregular prime, and so we have 2 + 0 (pi - 1). By 
Kummer’s congruence (see [I, p. 3851) we then get 
or 
B2,1m = B2/1 (pi) 
0 = Q (p,). 
This contradiction concludes the proof of the theorem. 
Remark. If we take G = (1) we get the main theorem of [4]. The case 
P 2 5, G = (1, -I} is proved in [3]. 
The following corollary is just a restatement of the theorem. 
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COROLLARY. Let x be a nontrivial character modulo an odd prime. Then 
there are infinitely many irregular primes p such that x(p) # 1. 
In particular, we see that for every odd prime P there are infinitely many 
irregular primes that are quadratic nonresidues modulo P. 
EXAMPLE. There are infinitely many irregular primes not congruent to 
1, 2, or 4 modulo 7. 
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